This paper deals with semigroups of linear transformations which act transitively on a finite-dimensional vector space. An explicit canonical form is obtained for the semigroups which lack proper transitive left ideals. The class of such semigroups can be considered to be an extention of the class of transitive groups. It contains all minimal transitive (and hence all sharply transitive) semigroups.
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transformations on V, if T x ∈ M whenever x ∈ M, T ∈ S. We call S irreducible if it has no non-trivial invariant subspaces. Burnside's theorem (see [4] ) states that in the case when F is algebraically closed and V is finite-dimensional, L(V) has no proper irreducible subalgebras.
If A is a subalgebra of L(V) then, for every x ∈ V, {Ax | A ∈ A}(= Ax) is an invariant subspace for A. If A is irreducible then Ax = {0} or V, for every x. Yet {x ∈ V | Ax = {0}} is an invariant subspace for A, which shows that Ax = V for every non-zero x, whenever A is irreducible. It is easy to see that the converse is also true. Expressed in the usual terminology, this states that A is irreducible if and only if it is transitive.
The "transitivity" condition Ax = V ∀x / = 0 means that for every x, y ∈ V, x / = 0, there exists A ∈ A such that Ax = y. Obviously the latter form of the definition can be considered to be a particular case of the following general definition:
A collection F of functions from a set to a set is transitive if for every x ∈ , y ∈ there exists f ∈ F such that f (x) = y (F is said to be sharply transitive if such f is unique).
Given a vector space V over a field F, let V\{0} play the role of under a subgroup F of the general linear group GL V (F) of all F-linear bijections of V. Finite sharply transitive linear groups have been completely classified by Jordan (dim(V) 4) and Zassenhaus (1 dim(V) 3) [5] . Kalscheuer [2] determined all closed (in Euclidean topology) sharply transitive linear semigroups in the case F = R or C. A very active area of research in the last 30 years, transitive linear groups have received a lot of attention due to their importance in finite geometry, where, for example, it is desirable to determine geometries which admit "very transitive" groups of automorphisms.
Linear groups and algebras of linear transformations are two examples of linear semigroups. These are the subsets of L(V) closed under composition. One can define transitivity and irreducibility for linear semigroups in the same fashion as this was done for algebras. Several authors have considered semigroups of Hilbert space operators which belong to a particular class (e.g. compact, trace-class, idempotent) and have discovered sufficient (and sometimes necessary) conditions for reducibility (or even simultaneous triangularizability) of such semigroups. A recent reference is the survey article [3] .
It is important to notice that no linear group can be transitive as a linear semigroup because its elements cannot send a non-zero vector to zero. To resolve this conflict let us change the terminology and call linear groups "pre-transitive" when they were "transitive" under the original definition. We can now define "pre-transitive" linear semigroups in the obvious way, and every transitve linear semigroup is pre-transitive. For more on the relationship between transitive and pre-transitive linear semigroups, see Section 4.
There is no shortage of examples of transitive linear semigroups, apart from linear groups and algebras. Such semigroups shall be our focus. In an attempt to gain better understanding of their structure, it is natural to seek out classes of small transitive linear semigroups which can be considered basic building blocks for constructing many others. In the present paper we look at transitive semigroups of linear transformations (on a finite-dimensional vector space over an arbitrary field), which lack proper transitive left ideals (such semigroups are said to be left t-simple, where t stands for "transitively"). This property can be considered to be a manageable extention of the concept of group-theoretic transitivity to matrix semigroups, with minimal transitive left t-simple semigroups taking the place of minimal transitive groups.
We prove that transitive left t-simple semigroups have constant rank (not counting the zero element) which divides the dimension of the space, and in the case where the rank equals the dimension, the semigroup, take away zero, is a group. Our main results provide explicit canonical forms for both transitive left t-simple and minimal transitive left t-simple semigroups. We also observe that every sharply pre-transitive semigroup is a group, possibly taken together with the zero matrix. 
Notation and conventions
(One identifies each G i with its natural imbedding into 2 G i .)
We apply this to operations of matrix and scalar multiplication as well as ⊗. For example, if and F are subsets of F n and M n (F), respectively, then
If is a singleton set {x}, we can write F(x) instead of F({x}). Proof. Only the forward direction of the implication deserves attention. Suppose S is transitive and x ∈ F n \{0}. Then there exists T ∈ J such that T x / = 0. Hence
Preparatory results
is a transitive semigroup. Then the following are equivalent:
where T is a subset of S which does not vanish at any non-zero vector in F n .
Proof. [1 ⇒ 2] : Clearly J = SJ ∪ J and J does not vanish at any non-zero vector in F n because J is transitive. Given a transitive semigroup S ⊂ M n (F), if a subset T of S does not vanish at any non-zero vector in F n , then ST is a transitive left ideal in S. The converse is also true.
Note that a transitive semigroup S ⊂ M n (F) is left t-simple if and only if it has no proper transitive standard left ideals. Indeed, if S has a proper transitive left ideal J, then J = ST ∪ T for some subset T of S which does not vanish at any nonzero vector in F
n . Yet ST is a transitive standard left ideal contained in J and is hence a proper such. Proof. Let x ∈ F n \{0}. Since J contains a non-zero matrix A, we have
so that J does not vanish at x.
Corollary 3.5. If S ⊂ M n (F) is a transitive left t-simple semigroup, then all nonzero elements of S have the same rank.
Proof. If A 0 is a non-zero element of S of least rank (denoted by r) then the set J of all elements of S which have rank r or 0 is a two-sided ideal in S. Since J / = {0} it follows from Propositions 3.2 and 3.4 that J is transitive. Hence J = S. Definition 3.6. If every non-zero element of a semigroup S ⊂ M n (F) has rank r, we say that S is of rank r. Remark 3.7. It is clear that transitive matrix semigroups are irreducible (i.e. they have no non-trivial invariant subspaces). The converse is false: the semigroup S consisting of all matrix units together with the zero matrix is irreducible but not transitive.
If S ⊂ M n (F) is a transitive semigroup and x ∈ S\{0} then there exists A ∈ S such that Ax = x. This shows that every transitive matrix semigroup contains a matrix which is not nilpotent.
If G ⊂ M n (F) is a group and S = G ∪ {0} then S is transitive left t-simple whenever it is transitive. This is due to the lack of non-trivial proper left ideals in S. In view of the next result this applies to all semigroups of full rank.
Proposition 3.8. If S ⊂ M n (F) is a transitive left t-simple semigroup of full rank
Proof. Given A ∈ S\{0}, SA is a transitive left ideal in S by Remark 3.3 and therefore it must be the whole semigroup. Hence there exists B ∈ S such that BA = A. Since A is invertible it follows that I n = B ∈ S. Consequently there exists C ∈ S such that CA = I n . Thus A −1 ∈ S. This shows that S\{0} is closed under taking inverses. Therefore S is a group. Example 3.9. One can make use of Proposition 3.8 to construct an example of a transitive semigroup which contains no transitive left t-simple sub-semigroups (and hence no minimal transitive sub-semigroups).
Let S be the semigroup of all invertible matrices in M n (C) (n 2) with determinant of modulus less than 1. It is easy to see that S ∪ {0} is transitive and S has no subgroups. Hence S ∪ {0} has no transitive left t-simple sub-semigroups by Proposition 3.8. 
For ⊂ F n , we will write ⊥ for the set of all b ∈ F n such that a trn • b = 0 for every a ∈ . Each element of S has the form x ⊗ y for some x ∈ F n \{0}, y ∈ F n . Thus
for each x ⊗ y ∈ S. It follows that S = F n ⊗ for some ⊂ F n . The transitivity of S entails ⊥ = {0}. Hence contains a basis {b j } n j =1 of F n . It is easy to see that
is clearly a semigroup. We have already remarked that it is transitive. Observing that F n ⊗ is transitive if and only if ⊥ = {0}, one concludes that F n ⊗ {b j } n j=1 is a minimal transitive semigroup.
Remark 3.11. It is a consequence of the proof of Proposition 3.10 that every transitive semigroup of rank 1 contains a minimal transitive sub-semigroup. This should be compared with Example 3.9.
, and
Proof. The hypothesis dealing with rank imply that
Continuing with this line of reasoning one arrives at
The dimension of Kernel(A 1 ) is n − r, while the dimension of
The proof is complete. Then S is a transitive sub-semigroup of M n (F) of rank r.
To prove the converse, suppose S ⊂ M n (F) is a transitive semigroup of rank r, where 1 < r < n. By Remark 3.7 S has an element A 1 such that A 2 1 = 0. Let x 2 be a non-zero element of Kernel(A 1 ). Since S is transitive, it contains a matrix A 2 such that A 2 (x 2 ) = x 2 . In particular A 2 2 = 0 and A 1 A 2 = 0. The latter is a consequence of the fact that Kernel(A 2 ) Kernel(A 1 A 2 ) which leads to
If n − 2r = 0, the proof is complete. Otherwise n > 2r; let x 3 be any non-zero element of Kernel(A 1 ) ∩ Kernel(A 2 ). There exists a matrix A 3 ∈ S such that
and (again via Lemma 3.12) dim(Kernel(A 1 ) ∩ Kernel(A 2 ) ∩ Kernel(A 3 )) = n − 3r. Thus either n − 3r = 0 or n > 3r. If n > 3r proceed in a similar fashion to show that either n − 4r = 0 or n > 4r; etc.
Hence n = rk 0 , where k 0 = max{k ∈ N | n rk}.
Remark 3.14. The argument presented in the proof of Theorem 3.13 shows that every transitive semigroup S ⊂ M n (F) of rank r, with r < n, contains pairs of zero divisors which are not nilpotent. (This entails 0 ∈ S.) Since every transitive semigroup, which contains a non-zero singular element, contains a transitive subsemigroup of rank r, with r < n (see the proof of Corollary 3.5), it follows that every transitive semigroup with a non-zero singular element contains the zero matrix and pairs of zero divisors which are not nilpotent. By Proposition 3.8 every transitive left t-simple semigroup in M n (F) without nonzero singular elements is a group together with a zero matrix. Thus every transitive left t-simple semigroup contains the zero matrix.
Pre-transitive semigroups
A reader may have discerned that under our definition of a transitive semigroup, no group is transitive. We refer to groups satisfying the group-theoretic definition of transitivity as "pre-transitive" and extend the concept to semigroups. It is demonstrated that for semigroups considered in this paper the concept of transitivity given in Definition 3.1 is advantageous.
In other words, for each pair of vectors x, y ∈ F n \{0} there exists T ∈ S such that T (x) = y. If such T is unique the semigroup is said to be sharply pre-transitive. A semigroup is called minimal pre-transitive if it has no proper pre-transitive sub-semigroups. A pre-transitive semigroup S is left pt-simple ("pt" for "pretransitively") if it contains no proper pre-transitive left ideals (in particular, every pre-transitive group is left pt-simple).
Following the same steps as in Propositions 3.2, 3.4 and Corollary 3.5 one can see that all non-zero elements of a pre-transitive left pt-simple semigroup of matrices have the same rank. In fact, except when they are groups, pre-transitive left pt-simple semigroups are transitive, and hence transitive left t-simple. This is a consequence of our next result. Proof. Clearly S ∪ {0} is transitive. Let us show it is left t-simple whenever 0 ∈ S.
(If S ∪ {0} is left t-simple then S is a group by Remark 3.14, since S contains no non-trivial zero-divisors.) Suppose that J is a transitive standard left ideal in S ∪ {0}. Then
where F(⊂ S) does not vanish at any vector in F n \{0}. Since SF is a pre-transitive left ideal in S, it follows (by pt-simplicity of S) that S = SF. Hence J = S ∪ {0}.
Note that a pre-transitive left pt-simple semigroup S of full rank does not contain the zero matrix (S\{0} is a pre-transitive left ideal in S), and is therefore a group. Among semigroups of full rank, transitive semigroups are exactly the pre-transitive semigroups taken together with the zero matrix. A similar statement describes the relationship between minimal transitive and minimal pre-transitive semigroups of full rank.
Pre-transitive semigroups of less than full rank contain pairs of non-trivial zero divisors. (If S is such a semigroup then, by Remark 3.14, S ∪ {0} contains a pair of zero divisors which are not nilpotent.) Therefore such semigroups contain the zero matrix and are transitive. The same is true for their pre-transitive left ideals. Hence for semigroups of less than full rank the notions of "pre-transitive left pt-simple" and "transitive left t-simple" coincide. Similarly the notions of "minimal transitive" and "minimal pre-transitive" coincide as well.
If S is a sharply transitive semigroup of matrices then it contains at most one non-invertible element. It follows easily that S is of full rank and 0 ∈ S. In particular S\{0} is a sharply pre-transitive group. The following theorem makes an even stronger claim. Since A and B were unspecified elements of S\{0}, it follows that all elements of S\{0} have the same kernel. The fact that S is pre-transitive imples that this common kernel is trivial. Therefore all matrices in S\{0} are invertible and S\{0} is a sub-semigroup of S. Since we have shown that for each A ∈ S\{0} there exists C ∈ S\{0} such that CAC = C, i.e. C = A −1 , it follows that S\{0} is a group.
Main results
Definition 5.1. Consider an equivalence relation "∼" on M k×1 (GL r 
In other words [1] , two elements of M k×1 (GL r (F) ∪ {0}) are equivalent if and only if they have the same range. The reader is advised to keep the latter description handy. A subset of a complete set of representatives of ∼-equivalence classes of M k×1 (GL r (F) ∪ {0}) is said to be an R-set (R for "representative") whenever it contains the zero matrix (in other words, a subset of M k×1 (GL r (F) ∪ {0}) is an R-set if and only if it contains the zero matrix and the ranges of all elements of are distinct).
An R-set is said to be surjective if T ∈ Range(T ) = F kr . An R-set is trivial if either it is {0} or k = 1. The notion of a minimal surjective R-set is self-explanatory. An R-set is said to be normalized, if I r is the first non-zero entry in every non-zero element of ; in other words, the non-zero elements of are of the form [0 . . . 0 I r * . . . * ] trn . We shall say that R-sets 1 , 2 ⊂ M k×1 (GL r (F) ∪ {0}) are equivalent if their elements represent exactly the same ∼-equivalence classes. It is obvious that every R-set is equivalent to exactly one normalized R-set (two normalized R-sets are equivalent only if they are equal).
Given an R-set , let us denote by the subgroup of GL r (F) generated by the set of non-zero block-entries of elements of . We will write for the unique normalized R-set equivalent to . If G is a subgroup of GL r (F) and ⊂ M k×1 (G ∪ {0}) is an R-set such that G = T for every block-diagonal matrix
with T 1 , . . . , T k ∈ G, then we say that hypergenerates G. It is a consequence of Proposition 5.2 that an R-set generates a group G whenever it hypergenerates G. Proof. The first inclusion is immediate from Proposition 5.2. The equality follows from the fact that each element B of is of the form AT where A ∈ , T ∈ (so that B = A ), and every element B of is of the form A T where A ∈ , T ∈ (so that B = A ).
Remark 5.4. Given a non-trivial surjective normalized R-set , for each i > 1, the set of matrices appearing as the ith block-entry of an element of is transitive. (In particular, is pre-transitive.) Indeed, given x, y ∈ F r \{0}, there exists T ∈ such that
for some A, such that Ax = y.
is an F r -to-F kr -transitive set, and CG ⊂ C (equivalently: CG = C), then there exists a surjective normalized R-set ⊂ C such that C = G.
Proof. Let be a complete set of representatives of the ∼ C -equivalence classes of C, where the equivalence relation "∼ C " is the restriction of ∼ to C × C. It is clear that
Since 0 ∈ C, we can assume without loss of generality that is a normalized R-set (we have used the hypothesis CG = C here). Suppose y is a vector in F kr and x is a non-zero vector in F r . There exists Q ∈ C such that Q(x) = y. If T ∈ is the representative of the equivalence class containing Q, then T G = Q for some G ∈ G. Consequently
Hence is a surjective normalized R-set such that C = G.
Remark 5.7. Given a pre-transitive group G ⊂ M r (F) and a non-trivial surjective R-set ⊂ M k×1 (G ∪ {0}), one can construct a corresponding transitive left t-simple semigroup in M kr (F) as follows. Define S ,G by
Clearly S ,G can be considered either as a subset of M k (M r (F)) or as a subset of M kr (F), whichever is convenient. It is easy to check, keeping Remark 5.4 in mind, that S ,G is a transitive semigroup. Let us show that it is left t-simple by checking that S ,G has no proper standard transitive left ideals. If T is a subset of S ,G which does not vanish at any non-zero vector in F kr then, for each i, T contains an element T i ∈ M k (M r (F)) with a nonzero ith block-column. Our goal is to show S ,G T = S ,G . Since every non-zero block-entry of T i lies in G, it follows from the definition of S ,G that
In particular,
which yields the desired conclusion.
In particular, M n (F) contains a transitive left t-simple semigroup of rank r if and only if r divides n. The forward implication is part of Theorem 3.13. For the reverse implication let G = GL r (F). If r = n let S = G ∪ {0}. Otherwise let be a full set of representatives of ∼-equivalence classes of M n/r (G ∪ {0}). Then is a non-trivial surjective R-set and S ,G is the required semigroup.
Our main result shows that transitive left t-simple semigroups are either pretransitive groups together with the zero matrix or are (up to similarity) the semigroups S ,G .
Theorem 5.8. The following are equivalent: 1. S is a transitive left t-simple semigroup in M n (F) of rank r less than n.
There exist an invertible matrix
Proof. [1 ⇒ 2] : Let k = n/r (k ∈ N by Theorem 3.13). Use the procedure described in the proof of Theorem 3.13 to select a subset {A 1 , A 2 , . . . , A k } of S which satisfies the hypothesis of Lemma 3.12. It follows that
Kernel(A j ) = {0} and consequently
Let
Kernel(A j ).
Since A j 1 j k, j / = i satisfies the hypothesis of Lemma 3.12 as well, it must be that M i is r-dimensional for each i.
Since each subspace M i is r-dimensional and n = kr it is enough to show that
for each i. Suppose, to the contrary, that there exist some
0.
Contradiction.
Claim 2. SA
Suppose T ∈ SA i ∩ SA j , i < j. Then T = CA j = BA i for some B, C ∈ S. Hence CA 2 j = BA i A j = 0 (from the construction of A m 's) and consequently
The reverse inclusion follows from Remark 3.14.
If B 1 , . . . , B k are non-zero elements of SA 1 , . . . , SA k , respectively then each B i vanishes on j / =i M j and being a matrix of rank r must therefore be an injection from M i onto Range(B i ) (in particular Kernel(A i ) = Kernel(B i )). Hence
It is obvious that SB i ⊂ SA i , and consequently SB i = SA i for each i by formula (1) and Claim 2.
Consider all elements of S represented (in the usual way) by block-matrices with respect to the decomposition 
↑ j
It is worth reiterating that S ij = B ij B ∈ SA j ,
. . .
B kj
  is injective whenever B ∈ SA j \{0}.
Claim 4. ∀i, j : {0} S ij and every element of S ij either is zero or is invertible.
We start with the case i = j . Suppose C ∈ SA j and Rank(C jj ) < r. Then Rank(BC) = Rank(BC jj ) Rank(C jj ) < r for every B ∈ SA j . It follows that SA j C = {0}. If C jj / = 0 then there exists x ∈ M j such that C jj (x) / = 0. Hence
Contradiction. Therefore C jj = 0, so that every element of S jj is either zero or invertible. In particular, A 2 j / = 0 entails (A j ) jj / = 0. To prove the general case, suppose C ∈ SA j and Rank(C ij ) < r. Then Rank(
That S ij / = {0} is an immediate consequence of the transitivity of S. The inclusion {0} ⊂ S ij follows from Remark 3.14.
Claim 5. S ii \{0} is a group.
S ii is obviously a transitive semigroup and by Claim 4 every non-zero element of S ii is invertible. We shall show that S ii R = S ii for every R ∈ S ii \{0} (so that S is left t-simple). By Proposition 3.8 this will entail the desired conclusion.
If R ∈ S ii \{0} then R = B ii for some B ∈ SA i \{0}. Clearly A i B ∈ SA i \{0}. Therefore (by Claim 3)
Given x ∈ M i \{0}, by the transitivity of S there exists B ∈ S such that Bx = x. By Claim 4, B has the form R ⊗ E ii for some R ∈ S ii . By Claim 5, there exists
which is what we needed to prove.
By Claims 3 and 6 we can assume without loss of generality that A i = I r ⊗ E ii for all i. Using the transitivity of S and Claim 4 one concludes that there exist invertible matrices C 21 , . . . , C k1 in S 21 , . . . , S k1 (respectively) such that
and setŜ = T −1 ST . ThenŜ is a transitive semigroup which has the same form as S and has the additional property
Demonstrating the conclusion of the theorem for S is equivalent to doing the same forŜ. For the sake of keeping the notation simple, we shall therefore assume that I r ⊗ E i1 ∈ S ∀i. Claim 7. I r ⊗ E ij ∈ S ∀i, j.
Since I r ⊗ E i1 ∈ S for all i and I r ⊗ E ij = (I r ⊗ E i1 )(I r ⊗ E 1j ), it is enough to show that I r ⊗ E 1j ∈ S for all j. Given j, there exists R 1j ∈ S 1j \{0} such that R 1j ⊗ E 1j ∈ S; (use the transitivity of S and Claim 4). Then
so that R 1j ∈ S jj \{0}. Thus (by Claims 5 and 6) R −1 1j ⊗ E jj ∈ S, and therefore
Claim 7 implies that S 11 = S ij for every i, j . Indeed, given B ∈ S,
Let us write G in place of the group S ij \{0}. Then S i G = S i and S i = S j for every i, j (simply note that SA i (I r ⊗ E ij ) ⊂ SA j for every i, j ).
It is obvious that G is pre-transitive and S 1 is F r -to-F kr -transitive. Invoke Lemma 5.6 to complete the proof of the implication [1 ⇒ 2] . 
and consequently
Given the freedom in the choice of T, this shows that hypergenerates G.
[2 ⇒ 1]: S ,G is a transitive left t-simple semigroup by Remark 5.7. Suppose S is a transitive left t-simple sub-semigroup of S ,G . It follows that (for every i) S ii \{0} is a pre-transitive semigroup of invertible matrices and S ii R = S ii for all R ∈ S ii \{0}. Hence S ii is left t-simple and S ii \{0} is a group by Proposition 3.8. Consequently I r ⊗ E ii ∈ S for every i.
Since S is transitive and all non-zero elements of S ij belong to G (and hence are invertible for each i, j ), there exist invertible matrices C 21 , . . . , C k1 in S 21 , . . . , S k1 (respectively), such that It follows, just as in the proof of Claim 7 of Theorem 5.8, that I r ⊗ E ij ∈Ŝ, S i =Ŝ j andŜ ij =Ŝ 11 = S 11 for all i, j . Denote S 11 \{0} byĜ (clearlyĜ is a pre-transitive subgroup of G).
Note thatŜ 1 is an F r -to- 
Open questions
1. Keeping Theorem 3.13 in mind, it is interesting to know whether M n (F) contains minimal transitive sub-semigroups of every rank that divides n. Example 5.11 answers the question affirmatively for all r such that GL r (F) contains a sharply pre-transitive group. 2. Given the success in characterizing (minimal) transitive left t-simple linear semigroups, it would be valuable to obtain a similar characterization for the smaller class of minimal transitive semigroups or the larger class of all transitive completely 0-simple linear semigroups; (a semigroup with zero is called completely 0-simple if it contains a primitive idempotent and has no proper non-trivial ideals; a primitive idempotent is a non-zero idempotent which is minimal with respect to the partial order defined on the idempotents in the semigroup by e f ⇔ f e = ef = e).
